Quantum sensing exploits fundamental features of quantum mechanics and advanced quantum control to realise devices that combine high sensitivity with excellent spatial resolution. Such devices promise applications in a broad range of scientific fields from basic science and technology to biology and medicine. Here, we propose a new concept and design for all-electric nanoscale quantum sensing based on a carbon nanotube double quantum dot. Our theoretical analysis and numerical study demonstrate that this scheme can achieve sensitivities that allow for the implementation of single molecule magnetic resonance spectroscopy and therefore opens a new route towards nanoscale quantum sensing with applications in the detection and identification of single nanoparticles and molecules.
Introduction.-One of the most important advantages of nanoscale quantum sensors is the possibility for locating them in relatively close proximity to the target to realise strong sensor-target interaction. This enables sensing with both high measurement sensitivity and spatial resolution and offers a powerful tool for the detection of nanoscale local fields such as magnetic information of micro/nano magnetic structures and the detection of small objects such as single molecules [1] [2] [3] [4] . Indeed, nanoscale quantum sensing is rapidly emerging as an experimental technique to investigate a wide range of physical, chemical and biophysical phenomena in minute sample volumes [5] [6] [7] [8] [9] [10] .
One attractive example for a quantum spin sensor is the nitrogen-vacancy (NV) center spin in diamond [11] [12] [13] . This atomic scale single spin quantum sensor demonstrates high sensitivity and spatial resolution for the measurement of a broad range of physical parameters [1] , such as magnetic and electric fields, temperature and pressure, and has been used to achieve single-molecule magnetic resonance spectroscopy [5] [6] [7] [8] [9] [10] . For an NV quantum sensor, its distance to a target is however limited by its depth below the surface, which is preferable not less than 5 nanometers when the decoherence sources emanating from the surface and the unstable fluorescence of NV center significantly affect its sensing capabilities [14] [15] [16] [17] . Hence, the discovery of novel hardware architectures that do not suffer from such limitations would represent fundamental progress in the field of quantum sensing.
In this work, we propose a new physical realisation of a nanoscale quantum sensor based on a valley-spin qubit of a carbon nanotube double quantum dot [18] [19] [20] [21] [22] [23] [24] [25] . Due to the nanometer diameter of single walled carbon nanotubes, the valley-spin qubit can be brought even closer to the target, which implies a potentially ultra-high sensitivity. With detailed theoretical analysis based on realistic experimental parameters we demonstrate that such a nanotube quantum sensor is able to identify single nuclear spins thus allowing for the realisation of nanoscale magnetic resonance spectroscopy. The sensitivity can be further enhanced by fabricating the gatedefined carbon nanotube quantum dot [26] in a nuclear-spin free environment with low disorder, the coherence time of which is predicted to approach the second scale [27, 28] . The valley-spin qubit can be coherently controlled via electrically driven spin resonance (EDSR) which is mediated by a bend in the carbon nanotube [29, 30] . In addition, an efficient readout of the valley-spin qubit can be achieved by the Pauli blockade based leakage current through carbon nanotube double quantum dot [31, 32] . Such all-electric control and readout without requiring optical elements may facilitate the integration of carbon nanotube quantum sensor arrays [33] on a chip. The proposed scheme is expected to provide a new promising platform for efficient nanoscale quantum sensing.
Model of a nanotube quantum sensor.-In a single-wall carbon nanotube, an electron has two angular momentum quantum numbers, arising from spin and orbit motions. The orbit motion has two flavors known as the K and K valleys, which correspond to the clockwise and counterclockwise motions around the nanotube. Due to the anisotropy of orbital magnetic moment [34] , the energy structure of electron in carbon nanotube is sensitive to the direction of a magnetic field, and thus can be used to detect a static magnetic field [35, 36] . Our goal is to extend this capability to the detection of time-dependent magnetic fields at sensitivities of 10 nT/ √ Hz in order to design a quantum sensor based on a carbon nanotube double quantum dot that is capable of nanoscale magnetic resonance spectroscopy. The key idea that enables this is the driving of a carbon nanotube double quantum dot electrically to match the fingerprint frequency of target nuclei or molecules, see Fig.1(a) , and obtain the relevant information from the electron transport spectroscopy in Pauli blockade regime.
In a static magnetic field B, the Hamiltonian of an electron is given by (for simplicity we set = 1) [29, 37] Pauli operators of valley and spin, n(z) = cos θ (z) z + sin θ (z) x is the local tangent unit vector with θ (z) the angle between n(z) and z, ∆ SO is the spin-orbit coupling strength [38] , ∆ KK and ϕ are the magnitude and phase of valley mixing [39] , g s and g orb are the g factors of spin and valley respectively. As shown in Fig.1 (b), at θ (z 0 ) = 0 and B = 0, four eigenstates form two Kramers doublets {|⇑ * , |⇓ * } and {|⇑ , |⇓ } which are separated by an energy gap [40] . Each doublet can serve as a valleyspin qubit which shows different energy splittings in the parallel (B = B z z) and perpendicular (B = B x x) magnetic field due to the anisotropic magnetic moment. As mediated by a bent nanotube [41] , the qubit can be electrically driven while the quantum dot is driven back and forth with frequency ω and amplitude ∆z m by applying a microwave frequency gate voltage. The effective Hamiltonian of a driven valley-spin qubit in the magnetic field B = {B x , 0, B z } is [37] 
whereŝ x,y,z are Pauli operators of the valley-spin qubit and
The characteristic parameter ζ is defined as sin ζ = ∆ KK /∆E 0 , cos ζ = ∆ SO /∆E 0 , and a takes the value ±1 for the upper and lower Kramers doublets respectively. The driving Rabi frequencies depend on the parameter
1/2 and use rotating wave approximation under the conditions Ω x , Ω z ω 0 , thus one can obtain a dressed valley-spin qubit as described bŷ
with Ω d = Ω x cos γ − Ω z sin γ and γ = arctan (ω x /ω z ), whereŜ x is Pauli operator in the eigenbasis ofĤ 0 = (1/2) (ω xŝx + ω zŝz ) [40] . We remark that the effect of the possible fluctuation in driving can be mitigated by concatenated driving [42, 43] .
As the inter-valley scattering is induced by electric disorder, it is usually hard to fabricate two valley-spin qubits that have uniform parameters. To be more specific, two quantum dots may have different valley mixing parameters ∆ (j) KK which subsequently results in different values of the characteristic parameter ζ j for two valley-spin qubits. In order to compensate for such a non-uniformity and achieve the best sensing performance, we consider a bent arc shape nanotube with a tilted angle α. Applying a magnetic field in x-z plane, the electrons in the left (j = 1) and right (j = 2) quantum dot feel different effective magnetic fields in each local coordinates x j -z j as follows
It can be seen that by choosing proper values of B x , B z and α, one can obtain two valley-spin qubits with identical parameters ω 0 and Ω d [40] . We consider a double quantum dot in the n-p region where the first shells of electrons and holes are separated by a large gap, and encode a valley-spin qubit in the lower Kramers doublet for both quantum dots. Electrons transport from the source to the drain through the double quantum dot via (0, 1) → (1, 1) → (0, 2) → (0, 1) cycle, where (n L , n R ) represents the number of confined electrons in the left and right nanotube quantum dot. In Pauli blockade regime, electron tunnelling and thereby leakage current is forbidden when two electrons in the (1, 1) configuration is in a triplet state [44] . The system dynamics is governed by the particle-numberresolved master equation [45, 46] 
where ρ N t is the reduced density matrix of the system conditioned by the number of electrons N arriving at the drain up to time t,Ĥ = diag{Ĥ I ,Ĥ II } withĤ I andĤ II corresponding to the (0, 1) and (1, 1) ⊕ (0, 2) subspaces respectively. The superoperator L is generated by Lindblad operators √ Γ Lâ † 1ψ and √ Γ Râ2ψ describing the processes by which an electron is injected from the source at a rate Γ L and is ejected to the drain at a rate Γ R , where ψ denotes the eigenstate of valley- spin qubit. The leakage current at time t is calculated as
Given two dressed valley-spin qubits in a nanotube with identical parameters, the Pauli blockade can be lifted when one of the dressed valley-spin qubits is affected by a local field, such as a local magnetic field or a locally interacting spin. Additional electron tunnelling channels may open up if the external influence satisfies specific conditions (which we will illustrate in the following section in detail), see Fig.1(c)-(d) . Therefore, the change in the leakage current through such a nanotube quantum dots would serve as a highly sensitive probe for local environment e.g. the presence of a single molecule. Sensing of a local oscillating field via leakage current.-To illustrate the working principle of nanoscale quantum magnetic spectroscopy using a nanotube quantum sensor, we first consider the measurement of a local oscillating magnetic field (e.g. arising from a local magnetic moment) b (t) = b cos (ω c t) z acting on the left quantum dot. The effective Hamiltonian in the (1, 1) subspace can be written as [40] 
whereŜ (j)
x,z are the Pauli operators of the left (j = 1) and right (j = 2) dressed valley-spin qubit, Ω d is the effective driving Rabi frequency, Ω c = g µ B b/2 represents the coupling strength of the left dressed valley-spin qubit to the oscillating magnetic field. We introduce the following basis
and the singlet state |S = (1/ √ 2) 0 −1 1 0 T , where 
where
The above Hamiltonian reveals two essential ingredients of the present nanotube quantum sensor. Firstly, in the absence of an oscillating magnetic field, all of the channels to the state |S are closed, and the leakage current is only contributed by the population of the state |S . The external oscillating field opens up three channels |A 0,± ↔ |S ↔ |S g for electron tunnelling, see Fig.1(d) , and thus can significantly influence the leakage current [40] . Secondly, the transition between the state |A 0 and |S is most efficient when Ω d = ω c , as shown in Fig.2(a) . In contrast, the transitions between the states |A ± and |S are optimal with a slight detuning between Ω d and ω c , which is verified by the resonant dip of leakage current as shown in Fig.2(b)-(c) . As the electron injected from the source is unpolarised, the total leakage current reflects an overall contribution of all tunnelling channels. As the evolution time increases, the conversions from |A 0 ↔ |S to |A ± ↔ |S start to play a role, which leads to a resonant dip as evident (e) The estimated sensitivity η for the measurement of the field amplitude b. We assume one unpolarised electron confined in the right quantum dot as the initial state. The other parameters are the same as Fig.1 and Fig.2. in Fig.2(d) . These features demonstrate the feasibility of using such a nanotube quantum sensor to implement magnetic spectroscopy from the resonant phenomenon of leakage current. For a weak oscillating magnetic field, there is a resonant peak of leakage current at Ω d = ω c as shown in Fig.3(a) . A resonant dip would appear and become even more prominent for a stronger oscillating magnetic field, see Fig.3(b)-(c) .
To estimate the sensitivity for the measurement of a weak oscillating field, we find that the shot noise of leakage current (see Eq.6) is
(10) The shot-noise limited measurement sensitivity is
We estimate the achievable sensitivity from the measurement of the resonant leakage current in the weak field regime as shown in Fig.3(d) . The result is shown in Fig.3 (e), which indicates that for experimentally achievable parameters the sensitivity can reach ∼ 10 nT/ √ Hz for an evolution time of a few microseconds.
Nanoscale magnetic resonance spectroscopy.-Based on the essential idea as illustrated above in the simple scenario of measuring an oscillating magnetic field, we now demonstrate the applicability of the present scheme for nanoscale magnetic resonance spectroscopy at the single-molecule level. Without loss of generality, we assume that a target molecule is attached on the surface of the nanotube close to the left quantum dot. The interaction strength between the nuclear spin and the valley-spin qubit is h n = µ 0 µ B µ N g n g / 4πr 3 where r is the distance from the valley-spin qubit and the nuclear spin. High efficiency of the present proposal arises from two unique features, i.e. a large value of g (due to a much more prominent orbit g-factor g orb as defined under Eq.2) and the achievable small sensor-target distance r (which benefits from the compact dimension of nanotube).
A single molecule is usually characterized by different species of nuclear spins with multiple Larmor frequencies. For each single nuclear spin, an effective magnetic field introduced by its Larmor precession influences the energy levels of the left quantum dot through the dipole-dipole coupling and leads to resonance signals of leakage current. The identification of these frequencies provides a fingerprint for the detection of single molecules. As an example, we consider Hydrogen fluoride (HF) and Phosphine (PH 3 ) molecule, both of which are toxic gases. Owing to the half-integer nuclear spins 1 H, 19 F and 31 P, the leakage current exhibits resonances at Ω d = γ n B where γ n is the gyromagnetic ratio corresponding to individual nuclear species, see Fig.4 . We note that when the driving Rabi frequency matches the hyperfine interaction between the left quantum dot and the target molecule, a significant leakage current also appears, which may provide further information on the position of single molecules. We remark that the current experimental advances in fabricating nanotube quantum dot and electrically driven spin resonance quantum control facilitate the implementation of the present idea [30] . The key ingredient of the nanoscale quantum sensor based on a double quantum dot in carbon nanotube is the tuneable driving Rabi frequencies Ω d . The driving Rabi frequency depends on the bending parameter (∂ z θ) z=z0 and the oscillation amplitude of quantum dot ∆z m , and is feasible with the state-of-the-art experiment capability [30, 37] . The coherent driving also plays a role of dynamical decoupling and sustains the robustness of the present proposal against magnetic noise [40] , therefore it is favorable to the experiment implementation.
Conclusion & Outlook.-In conclusion, we propose a new platform for nanoscale magnetic resonance spectroscopy using a carbon nanotube double quantum dot as a sensor. By tuning the driving Rabi frequency, the system allows to detect specific resonant magnetic field with a high sensitivity due to its unique features of a large valley g-factor and ultra-small dimension. In particular, our numerical simulation demonstrates that such a quantum sensor is feasible to detect and identify individual nuclear spin and single molecule. The all-electric control and readout techniques make it appealing towards an integrated quantum sensor on chip. Assisted by the functionalized carbon nanotube [47, 48] , which can serve as a nano probe to capture the target molecule selectively, the present result provides a new platform to implement single-molecule magnetic resonance spectroscopy with various potential applications in basic science and technology.
